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ABSTRACT 
In this paper we present a family of graphs whose genus can be computed. 
INTRODUCTION 
In this paper we will continue the investigation begun in [1]. In order 
to make the exposition in this paper as self-contained as possible, we 
will begin by reviewing the language introduced in [1]. 
The word "manifold" will denote a compact oriented 2-dimensional 
manifold and if M denotes a manifold then ~(M) will denote the "genus" 
of M and z(M) will denote the "Euler characteristic" of M. An imbed- 
ding of a graph G in a manifold M is called "minimal" if for any im- 
bedding of G in a manifold N 
7(M) ~ ?(N). 
Finally, the genus of a graph G, denoted by v(G), is the genus of a mani- 
fold in which G has a minimal imbedding. 
It was also pointed out in [1] that a useful simplification of the imbed- 
ding problem can often be achieved by restricting to 2-cell imbeddings, 
i.e., to imbeddings uch that every component of M-  G is a 2-ceU. 
* During the preparation of this paper the author received support from the Na- 
tional Science Foundation and the U. S. Naval Research Laboratory. 
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In [2] it is shown that any imbedding can be replaced by a 2-cell imbed- 
ding of lower genus. 
Let Rn be the graph consisting of n concentric ircles and 4n radial 
lines as in Figure 1. Let f be any permutation of the numbers 1 ..... 4n 
A4n~ 
A)~ 
FiGtna~ 1 
such that f2 = identity and f (a)  ~ a, 1 ~ a <_ 4n. We will construct a
graph /~(f)  by adding 2n 1-cells to R,~, one between Aa and Area), 
1 < a < 4n. The graph Gn* considered in [1] is of the form R,(fo), where 
fo is defined by 
fo(a) = a + 2n, 1 < a "< 2n, 
fo(a) = a -- 2n, 2n § 1 "< a <: 4n. 
In [1], we established that y(Gn*) = n. One of our goals in this paper 
is to extend the methods of [1] to obtain a formula for ~,(P~(f)). This is 
done in Section 1. In Section 2, we point out that an elementary argu- 
ment can be used to establish an addition formula for certain graphs 
constructed from /~(f).  
I. THE GENUS OF Rn( f )  
Let fbe  a permutation of I ..... 4n such that f  2 = identity andf(a) :/: a, 
1 < a < 4n, Consider the sequence 
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bo,  b l  , ..., b2n , b2t~+l . . . . .  
of elements from the set {1, ..., 4n} where 
b2,~ --.f(b.,,, 1)' n ) 0 
b2,,.1 : bz,, + 1, 
and 4n + I is 1. We will call such sequences f-sequences. 
LEMMA 1. Any f-sequence is periodic. 
PROOF: There is one exceptional, but simple, case which we can eli- 
minate immediately. Assume there exists an a, 1 < a < 4n, such that 
f(a + 1) = a. Then the f-sequence beginning with a is 
a,a + l ,a ,a -~ 1, .... 
This sequence is clearly periodic and we will call it a trivial f-sequence. 
Note further that if f(a + 1) = a for some a then the ordered pair 
(a, a Jr 1) cannot occur in any non-trivial f-sequence as b2,+1, b2,~+2 for 
any n. 
Let 
b0 , bl , ..., b2,, , b2,,~1 .... 
be a non-trivial f-sequence. Consider all ordered pairs (b2,,, b2,~+1). Then 
there exists a first N with the property that there exists a/~, 0 </3  < N, 
such that 
(b2~, b23+1) = (b2N, b~x+O. 
We will now show that /3 = 0. If not the terms 
(bz(;~ 1), b2(,~-1).1) 
and 
(b2(N-1) , b2(N-1)-~l) 
exist in the f-sequence. Since 
f(b2(3-1)+l) = bz) -  f(b2tx-1)+l) 
and f is 1-1, we have 
But 
bz(~ 1) -r 1 b.z(N_l)_ a 
bz~-a)+a = bz(~-l) + 1 
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and 
Hence 
b2(N_1)+l : b2(N_a) 4- 1. 
(b2(~_1) , b2(~-1)+l) - (b2(N-1)  , b2(N-1)+l).  
This contradicts the definition of N and proves our assertion. 
Thus we see that our f-sequence has the property that it looks like 
the sequence below 
bo, bl .... , bz(N-1) , b2cN-l)+l, bo, bl ,... 
But by our construction of an f-sequence it is clear that such f-sequences 
are periodic and we have proved our lemma. 
We will identify two f-sequences if after dropping the first 2m terms, 
for some m, from the first sequence they coincide. With this definition in 
mind the following facts follow easily from Lemma 1. 
COROLLARY. Let f be a permutation of  1,..., 4n such that f2 = identity 
and f(a) ~ a, a = 1 ..... 4n. Then 
1. There exist only a finite number, ~r2( f ) ,  off-sequences. 
2. (a, a + 1) = (b2n , b2n+l) in one and only one f-sequence, 1 < a < 4n. 
3. The ordered pairs (a, f (a))  and (f(a), a) each appear in one and only 
one f-sequence. 
We now need to introduce a new graph K~(f). We will do this as 
follows: Let f be a permutation of 1, ..., 4n such that f~= identity and 
f (a) ~ a, 1 ~ a < 4n. Let C be a circle with 1 ..... 4n vertices sequen- 
tially and counterclockwise on it as in Figure 2. Add a 1-cell f rom a 
to f (a) or f (a)  to a, 1 < a < 4n. We call this new graph K,( f ) .  Clearly 
K~(f) is a subgraph of Rn(f) .  
LEMMA 2. I f  K , ( f )  is imbedded in M in such a manner that a component 
S of  (M -- C) is an open 2-cell and, in addition, K~(f) n S is empty, 
then 
7(M)  ~ n -- 89 -- 1). 
I f  M is a 2-cell imbedding, we haue 
r ( i )  = n - -  ~(~( f )  - -  1) .  
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PROOF: Suppose the imbedding of K~(.f) is a 2-cell imbedding. Then 
the number a ~ of 0-cells or vertices is 4n, while the number of 1-cells 
or arcs is 6n. It remains to compute the number of 2-cells. From the 
corollary above it follows that each f-sequence can be considered as the 
4n 
2n+l 
J 2 
I 
FIGURE 2 
boundary of a 2-cell with edges b~, hi+ 1 , and vertices bi, i = 1 ..... 2N. 
It is straightforward to verify that these two cells together with S can 
be identified along their boundaries to form an orientable compact 
2-manifold M. We know therefore that 
)~(M)  ~ a ~ - (21 _k_ (12 = 4n - -  6n + a2( f )  § 1 
and z (M)  is given by the formula 
y(M)  = 89 -- z (M) ) .  
Thus 
y(M)  = n -- 89 -- 1), where trz(f) ~ I. 
I f  the imbedding of K~(f )  in M is not a 2-cell imbedding we proceed 
as in II of Lemma 2 of [1]. 
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THEOREM 1. Let  Rn(f) be defined as in the introduction. Then 
y(R~( f ) )  = n -- 89 -- 1) its(f) ~ 1. 
PROOF: Since once we have an imbedding of K.(f) as described in 
Lemma 2 it is trivial to extend it to Rn(f) without changing the genus 
of the imbedding; we see that 
y(Rn(f ) )  ~ n -- 89 -- l) _~< n. 
Now consider any imbedding of R~(f) in a manifold M. If any cycle Ci 
in R~(f), 1 < i < n, bounds a 2-cell then the imbedding of R~(f) contain 
an imbedding of K~(f) satisfying the hypothesis of Lemma 2. Thus 
y(M) > n - 89 -- 1). 
But if no Ci bounds a 2-cell, we may argue as follows: Consider C~ not 
homotopically trivial in M. Then by paragraph 1.8 of [1], we may form 
a manifold N~ such that l~( f )  -- C~ is contained in Nand y(M)  > y(Nx). 
We may iterate this procedure as long as Ck+x in N~ is not homotopically 
trivial and get a sequence of manifolds Ni such that 
y(M)  > y(N1) > . . .  > y(Nn). 
This proves that y(M)> n. This proves that a minimal imbedding is 
obtained with 
y(Rn( f ) )  = n -- 89 -- 1) 
and establishes our theorem. 
2. THE GRAPHS R~(f; G1 ..... Gn) 
DEFINITION. Let G1 and G2 be disjoint connected graphs and let vi be a 
0-ceU in Gi, i = 1, 2. We define the graph (G1, vl) # (G2, v~) as the 
graphs G1 and G2 together with a 1-cell from Vl to v2. 
LEMMA 3. Let  G1 and G2 be disjoint connected graphs and let vi be a 
O-cell in Gi , i = 1, 2. Then 
~((G1,  Yl) # (G2, vz)) = y(G,) "-[- ~(G2). 
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PROOF: We will prove our lemma by constructing a class of 2-cell 
imbeddings of (GI, vl) # (G2, v.z) from 2-cell imbeddings of G~. We 
will then prove that all 2-cell imbeddings fall into this class. 
Let Ma and Ms be 2-cell imbeddings of Gt and G2, respectively. Let Si 
be 2-cells in M i , i  1,2 with vi on the boundary of S i , i=  1,2. 
Remove $2 from M2 and the interior of a disk, D, in the interior of S~ 
from Mx. We then identify Ms - Sz and M~ - D along the boundaries 
of the removed 2-cells. The result clearly is a compact orientable 2-mani- 
fold, M. It is easy to see that on M we have the picture in Figure 3 holds. 
S I 
FIGURE 3 
We may draw in M a one cell from vl to v2. Thus M contains an imbed- 
ding of (G1, vl) # (G2, v2). It is also clear that 
)~(M) == )~(M1) @ y(M~). 
We next show that any 2-cell imbedding of (G1, vl) # (Gs, vs) in M 
can be constructed as above from 2-cell imbeddings of Gi in Mi, i = 1, 2. 
Let L denote the 1-cell connecting t'l and vs in (G1, v l )#  ((7,2, V2). 
Then L is on the boundary of at most two 2-cells. Let S be a 2-cell with L 
on its boundary. Then because S contains 1-cells from G1 and Gs on its 
boundary, L must occur twice on the boundary of S. Hence there is 
exactly one 2-cell with L on its boundary. All other 2-cell in M have 
boundaries consisting of 1-cells from G1 or G2, but never from both. 
It is now an elementary argument to see that M is constructed from Mi 
and Ms by the method given above. 
Since 
y(M) = y(M~) + y(M~), 
we have that M is a minimal imbedding if and only if M1 and M~ are 
minimal, and we have proved our lemma. 
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LEMMA 4. Let G = (G,, v,) @ (G2, v2) and let G* be the graph 
obtained by joining v~* in G1 to v2* in G2 by a 1 -cell, where we consider G~ 
and G2 as subgraphs of G. Then 
if and only if either 
or  
),(G*) == ~)(C) ~ 1 
~(Gt* ) = ~'(Gt*) + 1 
~/(G2*) = ~'(G2*) -~- 1, 
where G,~* is the graph Gi with a 1-cell added between vi and vi*, i ~ 1, 2. 
PROOF: Clearly ?(G*) equals either ~(G) or ? (G)§  1. Further 
),(G*) = ~,(G) if and only if there is a minimal 2-cell imbedding of G 
such that vl* and v2* lie on the boundary of the same 2-cell. But we 
know all minimal 2-cell imbeddings of G in terms of minimal 2-cell 
imbeddings of G1 and Go by Lemma 3. This easily proves our assertion. 
DEFINITION. We will now define the graphs R~(f; G1,.. . ,  G2~). Let 
Rn(f) be given and let G1, ..., G2n be connected graphs with distinguished 
ordered pairs of vertices vi ,  v i*, i = 1 ..... 2n. We will assume further 
that there is a minimal imbedding of G~ in which vi, v~* lie on the bound- 
ary of a 2-cell. Define R,,(f; G1 ..... G2n) by taking the graph R~(f) 
and considering the 2n 1-cell f rom A,~ to Aj(a0 9 Break each of these 
l-cell in half  and join one end to vi and the other to v~*. The resulting 
graph we will call R,(f; GI ..... G2,~). 
The following theorem is an immediate consequence of Lemmas 3 
and 4. 
2n 
THEOREM 2. ~'(R,~(f; G1 ..... G2n)) = 7(R,~(f)) + ~1= 7(Gi)" 
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